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HOMOTOPY COLIMITS OF 2-FUNCTORS 


A.M. CEGARRA, B.A. HEREDIA 


Abstract. Like categories, small 2-categories have well-understood classifying spaces. 
In this paper, we deal with homotopy types represented by 2-diagrams of 2-categories. 
Our results extend to homotopy colimits of 2-functors lower categorical analogues that 
have been classically used in algebraic topology and algebraic K-theory, such as the 
Homotopy Invariance Theorem (by Bousfield and Kan), the Homotopy Colimit Theo¬ 
rem (Thomason), Theorems A and B (Quillen), or the Homotopy Cofinality Theorem 
(Hirschhorn). 


Dedicated to Ronald Brown on his 80th birthday 


1. Introduction 

A 2-category is a category C in which the morphism sets C(c, c') are categories and the 
composition is a functor. Every small 2-category C has associated a simplicial category 
NC : A°P —5> Cat, called its nerve, with category of p-simplices 

II C'(co,ci) X C{ci,C 2 ) X ■ • • X C'(Cp_l,Cp), 

CQ ; • • • ; Cp 

whose Segal geometric realization is, by definition, the classifying space of the 2-category. 
Recently, there has been rising interest in the relation between 2-categories and the homo¬ 
topy types of their classifying spaces; see, for example, the papers by Baas, Bokstedt and 
Kro [3], Bullejos and Cegarra [TUI US], Chiche [HI [HI [R] , del Hoyo [UT] and, particularly, 
the paper by Ara and Maltsiniotis [I], where it is fully proved that the category 2Cat, of 
small 2-categories and 2-functors, has a Thomason model structure (as first announced by 
Worytkiewicz, Hess, Parent and Tonks in [33]) such that the classifying space functor is an 
equivalence of homotopy theories between 2-categories and topological spaces. 

This paper focuses on the study of homotopy colimits of 2-functors : C -A 2Cat . 
from an indexing 2-category C into the 2-category 2Cat of 2-categories, 2-functors, and 2- 
natural transformations, and our results extend lower categorical analogues classically used 
in algebraic topology and algebraic K-theory. We shall stress that the main difference with 
the ordinary case of functors C —>■ Cat, where C is a category, is that now there are 2-cells 
(j) : p ^ p' in C that produce 2-natural transformations Uff) : Dp and therefore 

homotopies between the induced maps on classifying spaces by the associated 2-functors 
Dp and which must be taken into account. The fundamental “homotopy colimit” 
construction we deal with functorially assigns to each 2-functor : C —>■ 2Cat a simplicial 
2-category hocolimcl^ : A°p ^ 2Cat, whose category of p-simplices is 

(1) II T>co X C{co,Ci) X C(ci,C 2 ) X • • • X C(Cp_i,Cp). 

C0,...,Cp 
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In the case where C is a category and V : C ^ Cat is a functor into the category of 
categories and functors, one gets the usual definition of homotopy colimit of a diagram of 
(nerves of) categories by Bousfield and Kan [71 Chp. XII]. Also, for C a 2-category and 
V : C ^ C 2Cat a 2-functor into the category of categories, functors, and natural 
transformations, one recovers the homotopy colimit of a 2-diagram of categories by Hinich 
and Schechtman in |25] . 

Interesting 2-diagrams of 2-categories naturally arise from basic problems in homotopy 
theory of 2-categories. For example, the analysis of the homotopy fibres of the map induced 
on classifying spaces by a 2-functor F : A ^ C leads to the study of the 2-functor F I— : C ^ 
2Cat . which associates to each object c€ C the slice 2-category A|c [23], whose objects are 

1- cells in C of the form p : Fa ^ c. A basic observation here is that the forgetful 2-functors 
Fj,c —)• A assemble to define a simplicial weak equivalence hocolimc(F j,—) A , so that 
hocolimc(A j,—) can be regarded as a simplicial resolution of the ‘total’ 2-category of the 

2- functor F. See m Theorem 3.2], where Quillen’s Theorem B is generalized for 2-functors, 
or Theorem 2.34], where a relative Quillen’s Theorem A for 2-functors is given. 

There is another source for 2-diagrams of 2-categories: The study and classification of cofi- 
bred 2-categories. The well-known Grothendieck correspondence between covariant pseudo¬ 
functors and cofibred categories [24] has been generalized to bicategories by Bakovic |4] and 
Buckley |4]. The latter authors, in particular, prove that there is a “Grothendieck construc¬ 
tion” on 2-functors V : C ^ 2Cat that gives rise to 2-categories V endowed with a split 
2-cofibration over C, and this correspondence i-A is the function on objects of an 

equivalence between the 3-category of 2-functors V : C ^ 2Cat and the 3-category of split 
2-cofibred 2-categories over C. With Thomason’s Homotopy Golimit Theorem as its natural 
precedent, a main result of our paper shows that, for any 2-functor V \ C ^ 2Cat . the 
geometric realization of the simplicial category hocolimcX> has the homotopy type of the 
classifying space of the 2-category V. 

The plan of the paper is as follows. After this introductory section, the paper is organized 
into eight sections. Section 2 comprises some notations and a brief review of basic facts 
concerning classifying spaces of 2-categories that we are going to use later. In Section 3, 
we present the homotopy colimit construction on 2-functors 2? : C* —> 2 Cat and, mainly, 
show its homotopy invariance property: If 2? —>■ f is a 2-transformation that is locally a 
weak equivalence, then the induced hocolimc2? —>■ hocolimcf is also a weak equivalence. In 
Section 4, we briefly review the Grothendieck construction on 2-diagrams of 2-categories. 
This construction will be extensively used throughout the paper and especially in Section 5, 
which is fully dedicated to proving the aforementioned extension of Thomason’s Homotopy 
Golimit Theorem for 2-diagrams of 2-categories. This is quite a long and technical section, 
but crucial for our conclusions. After this, both constructions, hocolimc and —, can be 
interchanged for homotopy purposes. In Section 6, we review basic facts concerning the 
homotopy-fibre 2-functors F j- — : C —5> 2Cat associated to 2-functors F : A ^ C, which 
are needed in Sections 7 and 8. In Section 7, we deal with questions such as: when does 
a 2-transformation T : V ^ £, between 2-functors 27, f : G —>■ 2Cat . induce a homotopy 
left cofinal 2-functor 27 —f ? Or when are the canonical squares (c S ObG, 

y G Obfc) 
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homotopy pullbacks? Our main results here are actually extensions of the well-known 
Quillen’s Theorems A and B for functors between categories to morphisms between 2- 
diagrams of 2-categories. The final Section 8 is dedicated to analyzing the behavior of 
the homotopy colimit construction when a 2-functor V : C 2Cat is composed with a 
2-functor F : A ^ C. There is a canonical 2-functor F*!) V, and we mainly study 
when this 2-functor is a weak equivalence or, more interestingly, when the canonical pullback 
square in 2Cat 

JaF*V - 


c 


is a homotopy pullback. 


2. Classifying spaces of 2-categories 

In Quillen’s development of AT-theory [28]jthe higher AT-groups are defined as the homo¬ 
topy groups of a topological classifying space] \C\ associated to a (small) category C. This 
space is a CW-complex defined as 

|C| = |NC|, 

the Milnor geometric realization of the simplicial set termed its Grothendieck nerve 
(2) NC : A°P-)> Set, [p] i-)> NpC = C(co, cQ x (^(ci, C 2 ) x ■ • • x (^(cp.i, Cp), 

C0,...,Cp 

whose p-simplices are length p sequences of composable morphisms in C (NoC = ObC). 

In [29], Segal extended Milnor’s geometric realization process to simplicial (compactly 
generated topological) spaces. If S : A°p —^ Cat is a simplicial category, by replacing each 
category Sp by its classifying space l^pl, one obtains a simplicial space, [S'! : A°p —>• Top, 
whose Segal realization is the classifying space IIS'! of the simplicial category S. By [28l 
Lemma in page 86], there is a natural homeomorphism 

1^1 = IW ^ \Sp\\ = IW ^ \[q] ^ N,^p|| ^ iDiagN^I, 
where DiagNS" : A°p —^ Set, [p] i-A NpS'p, is the simplicial set diagonal of the bisimplicial 
set NS' : A°p x A°p —7> Set, ([p], [g]) i-A N,jSp, obtained by composing S : A°p ^ Cat with 
the nerve functor N : Cat —>■ SSet from categories to simplicial sets. 

The notion of classifying space of a simplicial category provides the usual definition of the 
classifying space of a 2-category. Although for the general background on 2-categories used 
in this paper we refer to [6] and m. to fix some notation and terminology, we shall recall 
that a 2-category C is just a category enriched in the category of small categories. Then, C 
is a category in which the hom-set between any two objects c,c' € C is the set of objects of 
a category C{c,c'), whose objects p : c —>■ c' are called 1-cells and whose arrows are called 
2-cells and are denoted by a : p p' and depicted as 

p 

C c'. 

P' 

Composition in each category C{c,c'), usually referred to as the vertical composition of 
2-cells, is denoted hy a ■ (3. Moreover, the horizontal composition is a functor 


C{c,c') X C{c',c") ^ C{c,c") iix,y) ^ y o x) 

^For ‘space’ we mean a compactly generated Hausdorff space, and Top is the category of these spaces. 
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that is associative and has identities Ic G C(c, c). 

For any 2-category C, the nerve construction ([2]) on it actually works by giving a simplicial 
category NC : A°p ^ Cat, whose Segal’s classifying space is then the classifying space ICl 
of the 2-category. Thus, 

||C|| = iDiagNNCI, 

where NNC : A°p x A°p Set is the double nerve of C, ([p], [g]) i-)- N^NpC. 

Like Cat, the category 2Cat, of small 2-categories and 2-functors, has a Thomason 
model structure, as first announced by Worytkiewicz, Hess, Parent and Tonks in [33j and 
fully proved by Ara and Maltsiniotis in (TJ Theoeme 6.27], such that the classifying space 
functor C i—>■ ||C|| is an equivalence of homotopy theories between 2-categories and topological 
spaces. Thus, for example, a 2-functor F : A —)• C is a weak equivalence if and only if the 
induced map ||F|| : ||A|| ICl is a homotopy equivalence, and a commutative square of 
2-categories and 2-functors 

P - 

A - ^C 

is a homotopy pullback if and only if the induced square on classifying spaces 

11^1 ^ lli^ll 
1^1 — I|C1 

is a homotopy pullback of spaces. Later, we shall use basic properties of homotopy pullback 
squares of spaces, such as the two out of three property, etc. (see [ini §5] for instance). 
In particular, the homotopy-fibre characterization, which easily leads us to assert that the 
square of 2-categories above is a homotopy pullback whenever, for any object a G A, there 
is a commutative diagram of 2-categories and 2-functors 

Pa -^ P -^ B 

Aa A -^ C 

such that a G ImF^, the space fAal is contractible, and both the left square and the 
composite square are homotopy pullbacks. 

We shall call a 2-category C weakly contractibl^ whenever the functor from C to the 
terminal (only one 2-cell) 2-category C —>■ pt is a weak equivalence, that is, if the classifying 
space fCl is contractible. 

The following fact will be also used. 

Fact 2.1 ( [13] Lemma 2.6). If two 2-functors between 2-categories F, G : A ^ C are related 
by a lax or oplax transformation, F ^ G, then there is an induced homotopy, ||F| ^ |G||, 
between the induced maps on classifying spaces |F||, |G|| : ||A|| |G|. 

To conclude this preliminary section, we shall recall that the classifying space Ills'll of a 
simplicial 2-category S : A°p —>■ 2Cat, is the geometric realization of the simplicial space 
obtained by composing S with the classifying space functor || - || : 2Cat —>• Top. Therefore, 

lll^i = lb] ^ l^pil = lb] ^ |DiagNN5p|| = iDiagNN^I, 
where DiagNNS' is the simplicial set, [p] i—>■ NpNp^p, diagonal of the trisimplicial set NNS'. 

^These are called ‘aspherical’ by Cisinski in m and Chiche in m- 
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3. The homotopy colimit construction on 2-functors 


We shall start by fixing some notations. Throughout the paper, the 2-category of (small) 
2-categories, 2-functors, and 2-natural transformations is denoted by 2Cat (whereas 2Cat, 
recall, denotes its underlying category of 2-categories and 2-functors). We view any cat¬ 
egory as a 2-category in which all its 2-cells are identities, and thus Cat C 2Cat is the 
2-subcategory consisting of categories, functors, and natural transformations. 

Further, if C is a 2-category, the effect on cells of any 2-functor V : C ^ 2Cat is denoted 

by 


/ 

(3) C llct c' Vc -U-a, Vc' ■ 

9 

or, if V : C°p 2Cat is contravariant, by 

/ 

C llct c' I— 'Dc' jfa* T>c ■ 
9 


The notion of classifying space for simplicial 2-categories naturally leads to the notion of 
classifying space for 2-diagrams of 2-categories, that is, for 2-functors from a 2-category to 
2Cat . which is given through the homotopy colimit or Borel construction as shown below. 


Definition 3.1. Let C be a 2-category and D : C ^ 2Cat he a 2-functor. The homotopy 
colimit ofV is the simplicial 2-category 

(4) hocolimcX> : A°p — > 2Cat, 

whose 2-category of p-simplices is 

J J X C{co,Ci) X C{ci,C 2 ) X • • • X C'(Cp_i,Cp), 

C0,...,Cp 

and whose face and degeneracy 2-functors are defined as follows: The face 2-functor do is 
induced by the 2-functor 

do ■ L>co X C(co, Cl) —^ Hcij 

which carries an object {x,co A- ci) to the object /*a;. A 1-cell {u,a) : {x,f) —>■ {y,g) is 
carried by do to the composite 1-cell g^^u o a^x : f^x —>■ 

J. a.a: g^u 

j^x ^ g::t=x ^ g^y , 

and do acts on 2-cells by 

{u,a.) g^uocx.,fX 

{x,f) IKbdo) iy,g) ^ f*x '^g.<t>°il^g^y. 

{v,a) g,voa,x 

The other faee and degeneracy 2-functors are induced by the operators di and Si in NC as 
lx)„^ X di and l-p^^ x Si, respectively. 

The classifying space of the 2-functor D is |||hocolim(y21|||, the classifying space of its 
homotopy colimit simplicial 2-category. 

In the case where C is a category and V : C ^ Cat is a functor, one gets the usual 
definition for a homotopy colimit of a diagram of (nerves of) categories by Bousfield and 
Kan [71 Chp. XII]. Also, for C a 2-category and T) : C ^ Cat a 2-functor, one recovers 
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the homotopy colimit construction of a 2-diagram of categories by Hinich and Schechtman 
in [251 Definition (2.2.2)]. 

It is not hard to see that, if D, f : C ^ 2Cat are 2-functors, then any 2-transformation 
T : V ^ £ gives rise to a simplicial functor F* : hocolimcD — )• hocolimciS; and also that 
a modification m : F ^ F', where F' : D f is any other 2-transformation, induces a 
simplicial transformation m* : F* => F(,. Thus, the homotopy colimit construction provides 
a 2-functor 

hocolimc— : 2Cat '^ —>■ 2Cat ^ 

Similarly, if C is a 2-category and V : C°'^ — >■ 2Cat is any 2-functor, we call the homotopy 
colimit of T> the simplicial 2-categor}0 

(5) hocolimc: A°p 2Cat 


whose 2-category of p-simplices is 

C(co,Ci) X C(C1,C2) X • • • X C'(Cp_i,Cp) X Dcp 

Cq,... ,Cp 


and whose faces and degeneracies are induced by the corresponding ones in NC, as di x 
and Si X , for 0 < i < p, whereas the face 2-functor dp is induced by the 2-functor 


which acts on cells by 


dp ■ C(^Cp—i^ Cp) X 


{u,Oi) 

g* uooL* X 

(x,/) JXd.ic? {y,g) f*x 


{v,a.) 

g* vooL* X 


Thus, the construction V i—J- hocolimcis the function on objects of a 2-functor 

hocolimc— : 2Cat *^ ^ > 2Cat ^ 

The first two basic properties below quickly follow from the definition. 

Proposition 3.2. Let D : C ^ 2Cat denote the constant 2-functor on a 2-category C 
given by a 2-category D. There is a natural homeomorphism 

III hocolimc D III ^ ||L)|| x ||C||. 


In particular, for D = pt the terminal 2-category, 

|||hocolimcpt||| ^ lie'll. 


and for C = pt, 


Ihocolimpt D||| = ||D||. 


Proof. We have 

|||hocolimcD||| = |[p] ^ fi^xNpCIII = |[p] ^ ||D|| x iNpCH - ||D|| x |[p] ^ |NpC|| 


||D||x||C||. 

□ 


^Note that hocolim(7X) 7^ hocolim(7opX>. 
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Theorem 3.3 (Homotopy Invariance Theorem). Let V,8 : C ^ 2Cat (or !),£ : C°p —>• 
2Cat j be 2-functors, where C is any 2-category. If T : V ^ £ is a 2-transformation such 
that, for each object c of C, the 2-functor Tc : T>c ^ £c is a weak equivalence of 2-categories, 
then the induced map on classifying spaces 

r* : |||hocolimc2?||| —|||hocolimcf ||| 

is a homotopy equivalence. 

Proof. Since F is objectwise a weak equivalence, for any integer p > 0 the induced 2-functor 
y y Fqq X (i7(co,ci) X ••• X C (cp_i, Cp) ^ y y £cq x C (co , ci) X • • • X C (cp_i, Cp) 

CQ,...,Cp CQ,...,Cp 

is a weak equivalence. Then, 

|||hocolimcI?||| = |[p] !-)■ ||hocolimcX>p||| ~ |[p] m- ||hocolimcfp||| = |||hocolimc£i|||. □ 

Corollary 3.4. Let C be a 2-category and V : C ^ 2Cat (orV: C°^ —?> 2Cat ) a 2-functor 
such that, for any object c of C , the 2-category Vc is weakly contractible. Then, the induced 
map by the collapse 2-transformation P pt, 

|||hocolimcT>||| ^ |||hocolimc pt||| = ||C||, 

is a homotopy equivalence. 

4. The Grothendieck construction on 2-functors 

Since Thomason established his Homotopy Colimit Theorem, the so-called “Grothendieck 
construction” on diagrams of small categories has become an essential tool in the homotopy 
theory of classifying spaces. This construction underlies the 2-categorical construction we 
treat here for 2-diagrams of 2-categories, which was recently used by Cegarra in m Theorem 
4.5 (i)] to generalize Thomason’s theorem for 2-diagrams of categories, and also by Buckley 
in 0 Theorem 2.2.11] to classify split (co)fibred 2-categories. For a more general version 
of the enriched Grothendieck construction below, which works even on lax bidiagrams of 
Benabou’s bicategories, we refer the reader to m, m or m- 

Let C be a 2-category, and let : C — 2Cat be a 2-functor, whose effect on cells of 
C is denoted as in ©■ The Grothendieck construction on the 2-diagram P assembles the 
2-diagram into a 2-category, denoted by 

whose objects are pairs (a,x) with a G ObC and x G ObPa, the 1-cells are pairs (f,u) : 
(o,x) —>• (b, y), where / : a —>■ 6 is a 1-cell in C and u : /*x —>■ ?/ is a 1-cell in Pi,, and the 
2-cells 

(/.“) 

(o,x) {b,y), 

f 

are pairs consisting of a 2-cell a tia b of C together with a 2-cell (/) : m => x o a*x in H;,, 
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The vertical composition of 2-cells 


(/.«) 



{h,w) 


is the 2-cell 

(/5,V') • («,</') = W- 0 !,{ipo • (f) : (/,m) {h,w), 

and the identity 2-cell of a 1-cell (/, m) as above is !(/,«) = (1/, !«)• 

The horizontal composition of two 1-cells (o, x) (&, y) ’ > (c, z) is the 1-cell 


if, u') o (/, u) = if o f,u' o /» : (a, x) —)■ (c, z), 

the identity 1-cell of an object ia,x) is l(a,a;) = (la, lx), and the horizontal composition of 
2-cells 

{f,u) (/'.a') 

ia,x) 41 ( 0 , 0 ) (b,y) (c,z) 

(a,v) (g',v') 

is the 2-cell 

(a', f) o (a, 4 >) = ia' oa,f o fl 4 >) : (/' o f,u' o f'^u) = 4 > if og,v' o fv). 

Note that a 2-transformation T : V ^ 8 between 2-functors 'D,£ : C 2 Cat induces 
the 2-functor T : f^V f^£ such that 

(/.«) ifXbu) 

ia,x) (1(0,0) ib,y) 1-^- (a, Fox) ti(o,r60) {b,Tby). 

(s.'«) (g.Ebu) 

Also, for r' : V => £ any other 2-transformation, a modification m : F ^ F' gives rise to the 
2-transformation F =4> F' given by 

Jfjm{a,x) = ila,max) : (a,Fair) -1 (a,F(ja;). 


Thus, the 2-categorical Grothendieck construction provides a 2-functor 

/p - : 2Cat '^-s- 2Cat . 

In a similar way, if H : C°p —> 2Cat is a 2-functor, the Grothendieck construction on 
V is the 2-category, denoted by , whose objects are pairs (a, x) with a G ObC and 

X G ObX>a, whose 1-cells (/, u) : ia, x) —l (6, y) are pairs where / : a —> 6 is a 1-cell in C and 
u : X ^ f*y is a 1-cell in Va, and whose 2-cells («,</>) : (m,/) =4^ iv,g) are pairs consisting 
of a 2-cell a : v oi C together with a 2-cell (j) '■ ce*y o u ^ v in Vb, 



V 


The vertical composition of the 2-cell (a, <p) as above with a 2-cell (/3, tp) : (v, g) =4> (ru, h) 
is the 2-cell 

(/3, f) ■ (a, (p) = 03 ■ a,f ■ {ly.y o (/>)) : (/, -«) => (h, w). 
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The horizontal composition of two 1-cells (a, x) > {b, y) (c, z) is the 1-cell 
(/', u') o (/, u) = (/' o /, f*u' o u) : (a, x) —S- (c, z), 
and the horizontal composition of 2-cells 

(/.«) (f ,u') 

{a,x) - 11 ( 0 . 0 ) {b,y) Ua'{c,z) 

(g.^) {g'x') 

is the 2-cell 

(a', 0') o (a, (j)) = {a' o a, f*(j)' o cj)) : (/' o /, f*u' o u) => {g' o g, g*v' o v). 

Thus, similarly to the covariant case, V ^ is the function on objects of a 2-functor 


L- : 2C^ 




2Cat. 


5. The Homotopy Colimit Theorem for 2-functors 


This section is fully dedicated to proving Theorem 15.11 below, which has Thomason’s 
Homotopy Colimit Theorem [321 Theorem 1.2] as its natural precedent and also includes the 
results in m Theorem 4.5] as particular cases. 

In the proof we give of this 2-categorical Homotopy Colimit Theorem, we use the W- 
construction on a bisimplicial set by Artin and Mazur m §ni], also called its “codiagonal” 
or “total complex”. Recall that, by viewing a bisimplicial set S : A°p x A°p —)• Set as 
a horizontal simplicial object in the category of vertical simplicial sets, then the set of 
n-simplices of IT5” is 

^ (j'n,O-i ■ - ■ ; ^O.n) ^ I ^0R ^ ^ 1 J" 

p+q=n 


and, for 0 < i < n, the faces and degeneracies of an n-simplex are given by 


di (in,0 ;• ■ 

■ • ; ^0,n) 

= {ditu,o, ■ ■ 

■ 1 ^n—1; t 

(^n,05 ■ • 

■ 1 ^0,n) 


■ ■ 

■ 5 ^n— 


n—I —l.I+lj ■ • ■ : ^O.n) 


There is a natural Alexander-Whitney-type diagonal approximation Dings' —>■ WS, 

Sn,n 9 t ^ . . . , . . . , (d’^rt) , 

inducing a homotopy equivalence on geometric realizations (see m.m , or m for a proof). 


(6) iDiagS] ~ jWS]. 

Theorem 5.1. For any 2-functor V : C ^ 2Cat (or V : C°'^ 2Cat ). where C is a 
2-category, there exists a natural homotopy equivalence 

|hocolimcT>||| cs ||/c^ll- 

Proof. We shall treat the covariant case, as the other is proven similarly. 

For any 2-category C, we have a natural homotopy equivalence 

ICl = iDiagANC] - IWNNCJ. 
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To describe this simplicial set ITNNC, let us first represent a (p, g)-simplex of the bisimplicial 
set NNC as a diagram (c, /, a)p,q in C of the form 



whose horizontal i-face is obtained by deleting the object Cq+i and using, for 0 < i < p, the 
composite cells fq+i+i o and o to rebuild the new {p — 1, g)-simplex, and 

whose vertical j-face is obtained by deleting all the 1-cells /^_|_^ and using the composite 
2-cells a^qXm ' 0 < j < <?, to complete the {p,q — 1) simplex of NNB. Then, 

it is straightforward to obtain the following description of the simplicial set fTNNC: The 
vertices are the objects cq of C, the 1-simplices are the 1-cells /° : cq —>■ ci of C, and, for 
n > 2, the n-simplices are diagrams (c, /, a)„ in C of the form 



that is, they consist of objects of C, 0 < m < n, 1-cells : Cm-i Cm, 0 < k < m < n, 
and 2-cells => /^, 0 < k < m < n. The simplicial operators of ITNNC act 

much as for the usual nerve of an ordinary category: The i-face of an n-simplex as in ([5]) 
is obtained by deleting the object ct and the 1-cells : Cm-i —>■ Cm, for i < m, and using 
the composite 1-cells o ft ■■ ^ Ci+i, k < i, the horizontally composite 2-cells 

af+i => 0 < k < i, and the vertically composed 2-cells -al^ : 

^ when i < m — 1, to complete the new (n — l)-simplex. The i-degeneracy of 

(c, /, a)n is constructed by repeating the object Ci at the i -\- 1-place and inserting i + 1 times 
the identity 1-cell 1^ : Ci —> Ci, i times the identity 2-cell li^. : la => la and, for each 
i < TO, by replacing the 1-cell : Cm-i —>• Cm by the identity 2-cell 1/^ : ^ /^. 

Now, for 2? : C —!> 2Cat any given 2-functor, we have 

(9) |||hocolimsT>||| = |DiagNNhocolimcT*| = |Diag([p] >->■ DiagNNhocolimcT’p) | 

~ |Diag([p] i-A lTNNhocolimcT>p) I — |W^([p] lTNNhocolimcT>p)|, 

and the last simplicial set W{[p\ >-)■ lTNNhocolimcX>p) can be described as follows: Its 
n-simplices are pairs 


(10) 


((c, f,a)n, {x,u,(j))„) 
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where (c, /, a)n is an n-simplex of hFNNC as in ([5]), whereas (x, u, (/>)„ is a list with a diagram 
in each 2-category Dcg,...,Dc„ of the form 



That is, {x,u,(j))n consists of 0-cells Xk of Dc^^, 0 < k < n, 1-cells : f^~^Xm-i —t Xm, 
0 < k < m < n, and 2-cells (j)^ : =>u^,0<fc<m<n. Further, the Tface of the 

simplex ((c, /, a)n, (x, u, </>)„) is obtained by taking the i-face of (c, /, a)n in the simplicial set 
IFNNC and, in a similar way, by deleting the object Xi and the 1-cells : f^~^Xm-i Xm, 
for i < m, and then using the composite 1-cells 


ri — 1 

J 2 + 1 * 


fi- 


1 

Xi-l - 



xi — 

J 2+l*«/ 2* 


Xi-l 



^2+1 


for k < i, the horizontally composite 2-cells 



for 0 < A: < i, and the vertically composed 2-cells => ujjj"i < m — 1, 

to complete the new (n — l)-simplex. Similarly, the j-degeneracy of ((c, /, a)„, {x, u, 4>)n) is 
given by first taking the j-degeneracy of of (c, /, a)„ in the simplicial set kFNNC and second 
by repeating the object Xi, inserting i + \ times the identity 1-cell l^^ : Xi Xi, i times 
the identity 2-cell li^. : l^,. => l^,. and, for each i < to, by replacing the 1-cell by the 
identity 2-cell l„i^ : u\^ => u\^. 

There is another way to get the same simplicial set kF([p] i—>■ VFNNhocolimc'X’p), which 
is as follows: 

Let E be the trisimplicial set whose (p, n, gj-simplices are pairs 

(12) {{c, f, Oi)p^q., [x,U, (j))p^n,q) 

with {c,f,a)p^q a (p, q)-simplex of NNC, as in (jT]), and {x,u,4))p^n,q a system of data con¬ 
sisting of a diagram in each 2-category ..., T’cg+p of the form 


(x, I/, 4^')p^n,q • 



That is, it consists of objects Xg e A,, • ■., Xg+p G 1-cells u'^+rn ■ fq+m*Xq+m-i -t 

Xq+rn, 0<k<n, 0<m<p, and 2-cells : Wg+m ^ xL^+m^ 0<fc<n, 0<TO<p. 
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The i-face in the p-direction map of E carries the (p, n, g)-simplex (fT5)l to the (p — 1, n, q)- 
simplex obtained by taking the horizontal j-face of (c,f,a)p^q in NNC, deleting the object 
Xq+i, and using the composite 1-cells 


fq+i+l^f 1 


<+i 


Jq+i+l*^<l+i 


-^q+i+1 


^g+2+1 


and the horizontally composite 2-cells 


Jg+i+l* ^q + i 


^q + i+1 


■V-fq+i+l,<i>q+i fq^i^i^,Xq^i Xqr+i+l 


Jq + i + lt‘^q + i 


to complete the new (p — 1, n, g)-simplex. 

The j-face in the n-direction of the (p, n, q)-simplex (flSl) is obtained by keeping (c, /, a)p^q 
unaltered, deleting all the 1-cells Uq+m^ using, when 0 < j < n, the composite 2-cells 
't>q+m ■ 'Pq+m fo Complete the simplex. 

For any k < q, the k-ia.ce in the g-direction of the (p, n, g)-simplex (fTSll is given by 
replacing (c, /, a)p,q by its vertical fc-face in NNC and keeping (a;, u, 4>)p,n,q unchanged, while 
its g-face consists of the vertical g-face of (c, /, a)p,q in NNC (which, recall, is obtained by 
deleting the 1-cells fq^m) together with the list of diagrams 




With degeneracies given in a standard way, it is straightforward to see that C is a trisim- 
plicial set. Then, an easy verification shows that 

(13) kF([p] Diag£^p,.,.) — kF([p] >->• VFNNhocolimcI^p), 
and therefore we have homotopy equivalences 

(14) |||hocolimcl?||| ^ \W{[p] ^ DiagCp,.,.)! ~ |W([p] ^ WEp^,,,)\. 

Now, an analysis of the simplicial set WEp^,,, says that its g-simplices are pairs 


(15) 


((c, /, (x, u, 
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with a (p,g)-simplex (c,f,a)p^q of NNC, as in ([7]), together with data {x,u^4’)p,q consisting 
of a diagram in each 2-category of the form 




More precisely, (x, u, 4')p^q consists of objects 

j ■ • ■ ) Xq+p £ , 


1-cells 

^q+m ■ fq+m*^q+'m—l Xq-^-rm (0 < fc < q, 0 < m < p) 

and 2-cells 


<l}q+m ■ u\+ln ° aq+m*Xq+m-l (0 < fc < 71, 0 < m < p). 

The j-face of such a g-simplex (flSl) is given by taking the vertical j-face of (c, /, a)p^q in 
NNC, deleting the 1-cells and inserting the pasted 2-cells below, for 0 < j < q. 



Then, an easy and straightforward verification shows that an n-simplex of the simplicial 
set lT([p] WEp^,^,) is a pair 


(16) 


((c, /,«)„, (a;, u, (/>)„) 
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where (c, /, a)n is an n-simplex of fyNNC as in ([5]), while (x, u, (/))„ is a list with a diagram 
in each 2-category X>co vi^c„ of the form 




f3*X2 


n 




That is, (x, u, (j))n consists of 0-cells 

Xq € ^cq ; • ■ • ) € Tl,:, 


1-cells 
and 2-cells 


■ f ^ ^nn (0 ^ < 771 ^ 7l) 

= 4 > o a^^Xm-i {0 < k < m < n). 


Further, the z-face of the simplex ((c, /, a)n, (x, u, </>)„) is obtained by taking the z-face of 
(c, /, a)„ in the simplicial set bFNNC and, in a similar way, by deleting the object Xi and 
all the 1-cells —t Xm, for i < m, and then using the composite 1-cells 


for k < i, and the pasted 2-cells 


nk-l fk-l 








rk-l k-1 


^2+1 


■ X- 






fk-l fk 









for 0 < fc < z, and 



for 0 < z < 77Z — 1, to complete the z-face (tz — 1) simplex. Similarly, the z-degeneracy of 
((c,/, a)ji, (x, zz, (/>)„) is given by first taking the z-degeneracy of (c,/, a)„ in the simplicial 
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set Vl^NNC and secondly by repeating the object Xi, inserting i + 1 times the identity 1-cell 
laii : Xi —)• Xi, i times the identity 2-cell li^. : Ixi => Ixi and, for each i < m, hy repeating 
the 1-cell : f^^Xi-i —>■ Xi and inserting the identity 2-cell l„i^ : u\^. 

Finally, observe that any n-simplex ((c,/,«)„, {x,u,(j))n) of W{[p] ^ such as 

m, identifies with the n-simplex ((c,a;), {f,u), {a,(j)))n € VFNN 



given by the objects {cm,Xm) of J^V, 0 < m < n, the 1-cells 

(/*m7^m) * (^m —l;^m —l) t Xm^ , (0 k Ul ^ 7l), 

and 2-cells 

{oL^4D ■■ ^ (/m:Wm) (0 < fc < m < n). 

Thus, we have the simplicial isomorphism 

(17) W{[p\ ^ WEp^,^,) ^ WNN V, 

and therefore the homotopy equivalence 

(TUiTTg _ 

|||hocolimc27||| ~ |VFNN 

Since, for the 2-category V, we have the natural homotopy equivalence 

\\Jp,V\\ = iDiagNN/^Pl i ITFNN/^PI, 

the proof is complete. □ 

After Theorem 15.11 for any 2-functor V : C ^ 2Cat (or V : C°^ —>■ 2Cat ). we do not 
distinguish between the classifying spaces of the simplicial 2-category hocolimcl? and of the 
2-category since both represent the same homotopy type in a natural way. 

6. The homotopy-fibre 2-functors 

In this section, we mainly review some necessary results concerning the more striking 
examples of 2-diagrams of 2-categories: the 2-diagrams of homotopy-fibre 2-categories of a 
2-functor. 

As usual, if : C — 2Cat (resp. V : C°p —>■ 2Cat ) and F : A C are 2-functors, we 
denote by 

F*V = VF : A 2Cat 

(resp. F*V = VF : A°p —>■ 2Cat l the 2-functor obtained by composing V with F. 

Let F : A ^ C be any given 2-functor. Then, for any object c S C, the homotopy-fibre of 
F over c [23l[T3], denoted by F4,c, is the 2-category obtained by applying the Grothendieck 
construction on the 2-functor F*C{—,c) : A°p Cat , where C'(— ,c) : C°^ —)• Cat is the 
horn 2-functor, that is. 


Fic=J^F*C{-,c). 
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Thus, FIc has objects the pairs (a,p), with a a 0-cell of A and p : Fa —> c a 1-cell of C. 
A 1-cell {u,(j)) : {a,p) -5- {a',p') consists of a 1-cell u : o o' in A, together with a 2-cell 
<j) : p ^ p' o Fu in the 2-category C, 


Fa > Fa' 



c 


and, for {u',(j)') : {a,p) —> {a',p'), a 2-cell a : {u,(j)) is a 2-cell a : u ^ u' in 

A such that {Ip' o Fa) ■ (j> = (j>'. Compositions and identities are given canonically. 

Any 1-cell h : c ^ c' in C gives rise to a 2-functor 

: F^c —>■ FIc', 

which acts on cells by 

(ll,0) («,lfeO0) 

(a,p) tia {a',p') I—^ {a,hop) ija {a',hop'), 

and, for h,h' : c ^ c', any 2-cell ip : h ^ h' in C produces a 2-transformation 

• hi,: hi,, , 

whose component at any object (a,p) of F4,c is the 1-cell of Fj,c' 

Ip*{a,p) = {la, 'ip o Ip) : {a,hop) ^ {a, h' op). 

In this way, we have the homotopy-fibre 2-functor 

FI- -.C -Cat '^°'’— > 2Cat . 

c I-^ C(-, c) I-^ F*C{-, c) I-^ F*C{-, c) = Ffc 

where y is the 2-categorical Yoneda embedding; and, quite similarly, we also have the 
homotopy-fibre 2-functor 

-4.F ■.C°P -Cat'^ ——^ 2Cat . 

c I-^ C{c, -) I-^ F*C{c, -) I-^ F*C{c, -) = cfF 

which assigns to each object c of C the homotopy-fibre 2-category of F under c, cfF, whose 
objects are pairs (a, c A- Fa). The 1-cells {u, (p) : {a,p) —> {a',p') are pairs where u : a ^ a' 
is a 1-cell of A and </> : Fu o p => p' is a 2-cell of C, and a 2-cell a : {u, <p) {u', tp') is a 

2-cell a : u ^ u' in A such that </>' • {Fa o 1^) = (p. 

These 2-diagrams F f— and — 4-F are relevant for homotopy interests, mainly because 
the projection 2-functors 

F4.C Ac4,F, 


(u,4>) 

TT : (a,p) Jla (a',p') h 


^ ^ / 

a Jla a 


both given on cells by 
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induce 2-functors 




n: (c,(a,p)) m,a) (c',(a',p')) h 

{h',{u',<j>')) 

and we have the proposition below. 


a ii^a a' , 


Proposition 6.1 im Lemma 5.5). For any 2-functor F : A ^ C, both 2-functors 11 above 
are weak equivalences. 

Proof. The 2-functor If : (F ), — )—>■ A is actually a retraction with section the 2-functor 


a Jja a' h 


(Fu,(u,1fu)) 

(Fa, (a, l_Fa)) {Fa' , {o' ,1 Fa')) ■ 


(Fu',(«',lp„/)) 


It is clear that lit = 1. Furthermore, there is an oplax transformation til 1 given, on any 
object (c, {a,p)) of /^(Fj,—), by the 1-cell 

{P, (la, Ip)) : (Fa, (a, l^a)) (c, (a,p)). 


and whose component of naturality at any 1-cell {h, {u, (f)) : (c, {a,p)) (c', {a',p')) is the 

2-cell 


(Fa, (a, iFa)) 
{Fu,{u,1fu)) 

{Fa', {a', iFa')) ■ 


(P.(la.lp)) 


( 0 , 1 ) 


(P'.(I.'.V)) 


(c, (a,z;)) 

{h,{u,<j>)) 

{c',{a',p')). 


Hence, for the induced maps by H and t on classifying spaces, we have ||n|| ||t|| = 1 and, by 
Fact 12.11 1 ~ ||t|| ||n||. Therefore, we conclude that the 2-functor H : J(y{F j, —) ^ H is a 
weak equivalence. The proof for H : J^(—4.F) —>■ H is parallel. □ 


Therefore, for any 2-functor F : A ^ C, both 2-diagrams of homotopy-fibre 2-categories 
F 4- — : C —>■ 2Cat and — fF : (7°p 2Cat have the same homotopy type as the “total” 

2-category A of the 2-functor F, in the standard sense that there are homotopy equivalences 

|||hocolimc(F4.-)||| ~ ||H|| ~ |||hocolimc(-iF)|||. 

As a quick application, we have the relative “Quillen Theorem A” by Chiche below. We 
will use the following notation: Given a commutative square in 2Cat 


A 


F 


B 


G 

D 


T 


H 

C, 


for any object d oi D, let 

(18) F :Gid^ HfTd, F -.dfC ^TdfH, 
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be the induced functors making commutative the squares 


G 


■HiTd diG —^TdiH 


TT TT 


B A- 


B. 


Both act on cells by 


{a,p) tia ia',p') 1-5 

(u',0') 

Theorem 6.2 ( [19] Theorem 2.34). Let 


{Fu,Ttl>) 

{Fa,Tp) i}-Fa (Fa',Tp'). 


{Fu' ,T4>') 



he a commutative triangle of 2-functors. 

{i) If, for any object c € G, the induced functor F : Gfc —> H fc is a weak equivalence, 
then F : A ^ B is a weak equivalence. 

(ii) If, for any object c € C, the induced functor F : cfG —> cfH, is a weak equivalence, 
then F : A ^ B is a weak equivalence. 

Proof, (i) The 2-functor F occurs in the commutative square 


UGi-) 

n 

A — 


fc^ 


u^i-) 


F 


n 

B, 


where the vertical 2-functors II are weak equivalences and the horizontal 2-functor at the 
top is a weak equivalence by the Homotopy Invariance Theorem 13.31 (and the Homotopy 
Colimit Theorem 15.II) . whence the result follows. □ 


In the particular case where F = Ic is the identity 2-functor on G, we have the slice 
2-categories Gfc, of objects over an object c, and cfG, of objects under c. Proposition 16. 1 1 
tells us that there are weak equivalences G -F- J^—fG), which is exactly what 

is expected from Corollary 13.41 because we have the lemma below. 

Lemma 6.3 ( [TU] Theorem 4.1). For any 2-category G and any object c € G, the 2- 
categories cfG and Gfc are weakly contractible. 

Proof. Let pt —>■ c j, C, pt i—>■ Ic, be the 2-functor from the terminal 2-category given by 
the object Ic : c —> c of c j, C. Then, there is an oplax transformation from the constant 
composite 2-functor cfG -^-pt—>- 04,(7 to the identity functor on cfG, whose component 
at any object p : c —> d is the 1-cell (p, Ip) : Ic —> p, and whose naturality component at a 
1-cell (u, (/)) : p ^ p' is (j). From Fact 12.11 it follows that the (constant) induced map on the 
classifying space ||c4,(7|| —> ||pt|| = pt —> ||c|(7|| is homotopic to the identity map, whence 
the result. □ 
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As an interesting application of Theorem l6.21 we have the 2-categorical version of Quillen’s 
Theorem A in [28] below. First, let us borrow some terminology from Hirschhorn in [26l 
19.6.1]: 

• a 2-functor F : A ^ C is called homotopy left cofinal if all the homotopy-fibre 
2-categories F^c, c G C, are weakly contractiblqj, 

• a 2-functor F : A —>■ C is called homotopy right cofinal if all the homotopy-fibre 
2-categories c^F, c G C, are weakly contractible. 

Corollary 6.4 ( [lOj Theorem 1.2). Every homotopy left or right cofinal 2-functor between 
2-categories is a weak equivalence. 

Proof. Let F : A ^ C be a left homotopy cofinal 2-functor. Then, for any object c € C, the 
induced functor F : F fc ^ C fcis a weak equivalence and, therefore, due to the particular 
case of Theorem 16.21 where H = Ic, F is a weak equivalence. □ 


Quillen’s Theorem B in [55] has also been generalized for 2-functors between 2-categories 
as below. We shall first set some terminology. Following Dwyer, Kan, and Smith in [^ §6] 
and Barwick and Kan in |^, we say that: 

• a 2-functor F : A —>■ C has the property B; if, for any 1-cell h : c —> c' in C, the 
induced 2-functor /i* : F j,c —>■ F4,c' is a weak equivalenc^l, 

• a 2-functor F : A ^ C has the property B^ if, for any 1-cell h : c —>• c' in C, the 
induced 2-functor /i* : c'|F —>• cj,F is a weak equivalence. 

For any 2-functor F : A ^ C, each object c € C determines two pullback squares in 

2Cat 



(where F is (ITS)) for G = F and H = T = Ic), and the extension of Quillen’s Theorem B 
for 2-functors in na Theorem 3.2] tells us that the following theorem holds. 

Theorem 6.5. A 2-functor F : A ^ G has the property B; (resp. B,.^ if and only if the left 
(resp. right) square in (ITSl) is a homotopy pullback for every object c€ C. 

Observe that every homotopy left (resp. right) cofinal 2-functor has the property B; (resp. 
Br), and therefore Corollarv l6.4l is also a consequence of Theorem 16.51 


7. Theorem B for 2-transformations 

In this section, we state and prove extensions of Theorem 16.51 for 2-transformations be¬ 
tween 2-diagrams of 2-categories. 

For any 2-functor : G —^ 2Cat (or V : G°p —>■ 2Cat ) and any object c € C, let 

c : Fc ^ F 


^For F a functor between small categories, this condition is referred by Cisinski in [20l 3.3.3] by saying 
that “F is aspherical”. 

^For F a functor between small categories, this condition is referred by Cisinski in [20l 6.4.1] by saying 
that “the functor F is locally constant”. 
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denote the embedding 2-functor 


(icU) 


X iia x' I -^ {c,x) (c, x'). 

If X>, f : C —)• 2Cat are 2-functors and F : 2? ^ f is a 2-transformation, for any objects 
c € C and y € £c, there is a canonical commutative square of 2-categories 

^ciy -^ £ciy 


( 20 ) 




which, keeping the notations in squares (HU), is the composite of the squares 


rdy —^ 


Vr. 




and we have the theorem below. 


Theorem 7.1 (Theorem B; for 2-transformations). Let T : V ^ £ be a 2-transformation, 
where D, £ : C ^ 2Cat are 2-functors. The following properties are equivalent: 

(a) For any object c in C and any object y in £c, the square O is a homotopy pullback. 

(b) The 2-functor JqT : J^V ^ f^£ has the property Bi. 

(c) The two conditions below hold. 

Blp for each object c of C, the 2-functor Fc : He £c has the property B;. 

B2i: for each 1-cell h : c ^ c' in C and any object y G £c, the induced 2-functor 


K : Fcj,?/ ^ Tc'iKy 

is a weak equivalence. 

(d) The two conditions below hold. 

Blp for each object c of C, the 2-functor Fe : He —>■ £c has the property B;. 
B2(: for each 1-cell h : c ^ c' in C, the square 


( 21 ) 


He He- 


£c^^£c 


is a homotopy pullback. 


Proof. In order to prove the result, first we show that, for any object c in (7 and any object 
y in £(., there is a weak equivalence 

(22) H :/pF4.(c,i/) Fely, 
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where R is the 2-functor acting on cells of the 2-category (c, y) in the following way: 

On objects ((a, x), (p, v)), where a is an object of C, x an object of Va, p : a ^ c is a 1-cell 
in C, and v : p*TaX = Fcp*x —>■ y is a 1-cell in £c, 

R{{a,x), {p,v)) = {p^x,v). 


On 1-cells 


(23) ((/, u), (a, Ip)) : {{a, x), {p, i;)) ((o', x'), {p',v')), 

where f : a ^ a' is in C,u : f^x —>■ x' in Vai a : p ^ p'of in C, and : u => '(;'op^rQ/uoa*raa; 
in Sc, 

R{{f,u),{a,ip)) = {p)uoa^x,'ip) : {p^x,v) {p)x',v'). 

And, for a 2-cell (/3, </>) : {{f,u), {a, ip)) => ((/',«'), (a',ip')), where /3 :/=>/' is in C and 
(p : u ^ u' o /3*a; in Va, satisfying the corresponding conditions, 

R{P,(p) =p'A°^a,x ■■ {p)uoa^x,ip) ^ {p)u' o a'^x, Ip'). 

This 2-functor R is actually a retraction, with a section given by the induced 2-functor 
on homotopy-fibre 2-categories 


(24) c:Fciy —^/^TKc,!/) 

making the diagram below commutative: 

Fciy -^^ Vc > Sc 

c c c 

J^Fi(c,y)^J^vJ^J^S. 

Explicitly, c in (l24l) acts on objects {x,v), where x is an object of Vc and v : TcX y is a 
1-cell of Sc, by 

c{x,v) = {{c,x),{lc,v)), 

on 1-cells (m, ip) : {x, v) —)• (x', w'), where u : x ^ x' is in Vc and ip : v ^ v' o FcU in Sc, by 
c(u, Ip) = ((Ic, u), {li„ip)) : ((c,x), (Ic, v)) ((c,x'), (Ic, v')), 

and, on a 2-cell (p : {u,ip) => {u',ip'), 

c{(p) = (lie,0) : ((lc,w),(lu,'0)) ^ ii^c,u'),{li^,ip')). 

It is plain to see that i?c = 1. Furthermore, there is an oplax transformation 1 => ci? 
given, on any object ((a,x), {p,v)) of /^rj,(c,y), by the 1-cell 

{{P, Ip.x), (Ip, !«)) : {{a, x), {p, v)) ((c,p*x), (1^, v)), 

and whose naturality component at any 1-cell as in (j23p is 


((a,x), {p,v)) 

((P,lp.x).(lp,l„)) 

{{c,P*x), (lc,w)) 


((/.“),(a,d)) 






((a',x'),(p',x')) 

{{c,P*x'), (Ic'P'))- 


Hence, for the maps induced by R and c on classifying spaces, we have ||i?|| ||c|| = 1 and, by 
Fact 12.11 1 ~ ||c|| ||i?||. Thus, it follows that both 2-functors R and c are weak equivalences. 
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Let US now observe that the square (120)1 is the composite of the squares 


LcJ-y ■ 


■ 


fc ^; (c, y) ; (c, y) 

(I) 


Ic'^- 


fo^ 


fc^- 


Therefore, as both vertical 2-functors c are weak equivalences, the square (Eni) is a homotopy 
pullback if and only if the square (/) above is as well. Thus, by Theorem 16.51 it follows that 
(a) (6). 

To prove (6) (c), let us observe that, for any 1-cell (/i,w) : (c,y) ^ {c',y') in 

there is a commutative diagram of 2-functors 


JcTi{c,y) ■ 


{h,w)^ 


R 


LcJ-y ■ 


^c’ih*y ■ 


Ic^Uc',y') 


■Tc'iy', 


where both vertical 2-functors R are weak equivalences. If the 2-transformation T has the 
properties Blj and B2;, then both 2-functors and w* in the bottom of the diagram 
above are weak equivalences, and therefore the 2-functor {h,w)^ at the top is also a weak 
equivalence. That is, the 2-functor f^F has the property B/. 

Conversely, assume that T has the property B;. Then, for any object c of C and any 
1-cell w : y ^ y' oi £c, the above commutative square for the case where h = Ic proves 
that the 2-functor w, : Tc 4-y —>■ Tcj, y' is a weak equivalence; that is, Tc : T>c £c has the 
property B/. Similarly, the commutativity of the above square for w = ly implies that, for 
every 1-cell h : c ^ c' on C and any object y S £c, the 2-functor /i* : Tcj^y —>■ Tc' ih^y is a 
weak equivalence. 

Finally, the equivalence (c) (d) is consequence of the homotopy fibre characterization of 

homotopy pullbacks of spaces (hence of 2-categories, see Section[2]): For any 1-cell h ■. c ^ c' 
in C and any object y e £c, we have the equality of composite squares (/) -I- {II) = {III) + 
{IV), where 


Viy 


£ciy 



^ciy ■ 


{III) 


■ Fc'iKy ■ 


■Vr' 


{IV) 


£ciy ■ 


■ £c'iKy ■ 


■ £c'- 


Under the hypothesis Bl;, the squares (!) and {IV) are both homotopy pullbacks (where, 
recall, the comma 2-categories £ciy and 4,/i*y are weakly contractible). Then, as the 
square {II) = (I21|) is a homotopy pullback if and only if, for any object y G £y, the square 
(/) -I- {II) = {III) + {IV) is a homotopy pullback, we conclude that the square (1^ is a 
homotopy pullback if and only if the square {III) is as well, which holds if and only if the 
2-functor /i* : F^j^y —^ F^/j^/i^y is a weak equivalence. □ 
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Similarly, if 2?, f : C°'^ —>■ 2Cat are 2-functors and T : V ^ £ is a 2-transformation, for 
any objects c G C and y G £^c, there is a commutative square 

^ yi£c 

(25) 

— 

defined as the composite of the squares 


ylTc > yi£c 

TT TT 

V, - 

C C 

and we have the theorem below. 


Theorem 7.2 (Theorem for 2-transformations). Let T : V ^ £ be a 2-transformation, 
where V, £ : C°^ —^ 2Cat are 2-functors. The following properties are equivalent: 

(а) For any object c inC and any object y in £c, the square (l25l) is a homotopy pullback. 

(б) The 2-functor JqT : J^V ^ f^£ has the property Ur¬ 
ic) The two conditions below hold. 

Bl^: for each object c of C, the 2-functor Be : —>■ £c has the property Bj.. 

B2r: for each 1-cell h : c ^ c' in C and any object y' G £c', the induced 2-functor 

h* : y' fVe' h*y' fVe 

is a weak equivalence. 

(d) The two conditions below hold. 

Bl^: for each object c of C, the 2-functor Be : 2?c —>■ £c has the property B,.. 

B2(.: for each 1-cell h : c ^ c' in C, the square 


Vc ' Vr 

z' I 

£r-^^£c 


is a homotopy pullback. 


Proof. This is parallel to the proof of Theorem [7T] given above, and we leave it to the reader. 
We simply note that, in this case, the weak equivalence 


(26) 


R ■ ic,y)iJ(.T -)> ylTr , 


for each objects c G C and y G £c, is defined as below. 

On objects {{x, a), {p,v)) G (c, y) j, /^B, where a is an object of C, x an object of Va, 
p : c —>■ a is a 1-cell in C and u : y —)• p*Baa; = Bcp*a; is a 1-cell in £c, 

Riia,x),{p,v)) = ip*x,v). 
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On 1-cells ^ {{a' ,x'),{p' ,v')) where / : a —i> a' is in C, 

u : X f*x' in Va, a : f o p ^ op' in C, and ip : a*Ta'x' o p*TaU o i; => i;' in £c, 

ia,'4’)) = ia*x' op*u,ip) : ip*x,v) (j)'*x\v'), 

and, for a 2-cell {P,(p) : {{f,u), {a,ip)) ^ {{f ,u'), {a',ip')), where /3 :/=>/' is in C and 
(p : P*x' o It => m' in Va, 

R{P, (p) = 1 q '* x ' o P* (p '■ {oL* x' o p*u, Ip) ^ {a'*x' o p*u', ip'). 


□ 


Observe that, in the particular case where C = pt the terminal 2-category, Theorems 1 7. II 
and O state exactly the same as Theorem 16.51 

Furthermore, in the specific case where f = pt is the constant terminal 2-category, for 
any 2-functor T) : C ^ 2Cat or 1) : C°p —^ 2Cat . the projection 2-functors tt are actually 
isomorphisms Tcj^pt = Pc = ptj-Fc, and Theorems 17.11 and 17.21 give as a corollary the follow¬ 
ing 2-categorical version of the relevant Quillen’s detection principle for homotopy pullback 
diagrams [28l Lemma in p. 14] (see [TTJ Theorem 4.3] for a more general bicategorical re¬ 
sult). Let us also stress that the weak equivalences (1^ and (1^ . in this case where f = pt, 
establish weak equivalences 

TT j,c Vc cj,7r 

between the homotopy-fibre 2-categories of the projection 2-functor tt : ^ C over the 

objects of C and the 2-categories attached by the 2-diagram to these objects. 

Corollary 7.3 (Detecting homotopy pullbacks). Let C be a 2-eategory. For any 2-functor 
P : C* —>■ 2Cat (resp. P : C°p —>■ 2Cat ). the following statements are equivalent: 

(a) for any object c in C the square 


(27) 


Pc -^ pt 





is a homotopy pullback. 

(6) the projeetion 2-funetor n : J^T> ^ C has the property B; (resp. . 

(c) for each 1-cell h : c ^ c' of C, the 2-funetor h^. : Vc ^ Pc' (resp. h* : Pc' —>■ Vc) is 
a weak equivalenee. 

The following consequence of Theorems 17.II and 17.21 is closely related to Theorem 13.31 and 
Corollarv l6.4l 

Corollary 7.4 (Theorem A for 2-diagrams). Let T : T> ^ £ be a 2-transformation, where 
P, f : C —> 2Cat (resp. P, £ : C°^ 2Cat ) are 2-funetors. The following statements are 
equivalent: 

(a) the 2-functor f^T : f^V—h f^£ is homotopy left (resp. right) cofinal. 

(b) for any object c G C, the 2-functor Tc : Pc —> £c is homotopy left (resp. right) 
cofinal. 












HOMOTOPY COLIMITS OF 2-FUNCTORS 


25 


8. Changing the indexing 2-category 

If F : A —>■ C is a 2-functor between 2-categories, then any 2-functor H : C —)• 2Cat , or 
V : (7°P ^ 2Cat . gives rise to a pullback of 2-categories 


(28) 

A - - — 


where F is given by 

(/.«) 

(29) F : (a,x) (a',x') 

(a,A 


(Ff,u) 

(Fa,x) V-(Pa,(f>) (Fa',x'). 
(-F'gx) 


Our first result here completes Corollary [731 

Theorem 8.1. Let C he a 2-category and T> : C ^ 2Cat (resp. V : (7°^ — 2Cat ) a 
2-functor. The following statements are eguivalent: 

(a) For any 2-functor F : A ^ C, the sguare ((Mil is a homotopy pullback. 

(b) For any 1-cell h : c ^ c' in C, the 2-functor h^ -.Vc ^ Fc' (resp. h* : Vc' —?> 'Dc) is 
a weak equivalence. 

Proof. Suppose (a) holds. Let c : pt —>■ C be the 2-functor given by any object c G C. As 
we have quite an obvious isomorphism c*T> = 'Dc, the square 


(30) 



TT 


pt— 


is, by hypothesis, a homotopy pullback. Hence, the result follows from Corollary 17.31 

Conversely, assume (6) holds. Again by Corollary 17.31 for any object c G C, the square 
(I5II1) above is a homotopy pullback. Since, for any given 2-functor F : A — )• C, the 2-functor 
F*T> : A —>■ 2Cat (resp. F*V : —>■ 2Cat l trivially is under the same hypothesis (b) as 

V, it follows that, for any object a G A, both the left side and the composite square in the 
diagram 

TT TT 

pt-2—^ A - - —^ C 

are homotopy pullbacks. Then, from the homotopy fibre characterization of homotopy 
pullbacks, it follows that the right side square above is a homotopy pullback, as required. □ 


Next, we state the complementary counterpart to the theorem above. If F : A —>■ C and 
V : C°P —>• 2Cat are 2-functors, for any objects c G C and z G Vc, let 


j, : Fic^f^F*V 
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be the 2-functor defined on cells by 


(31) 


(«,0) 

{a,p) tta {a',p') 

(u',<p') 


{u,(p* z) 

{a,p*z) (a',p'*z). 

{u\<p *z) 


Theorem 8.2. For a 2-functor F : A ^ C, the following statements are equivalent: 

(а) F : A ^ C has the property B;. 

(б) For any 2-functor V : C°p —>• 2Cat . the 2-functor F : f^F*V —>■ has the 

property B;. 


(c) For any 2-functor T) : C°p 2Cat . and any objects c G C and z G the 
commutative square 


(32) 


Fic - ^dc 

3z 3z 

J^F*V^J^V 


is a homotopy pullback. 

(d) For any 2-functor V : —>• 2Cat . the square (PSI) 


f^F*V^f^V 

TT TT 

A - - — 

is a homotopy pullback. 

Proof. For any objects c G C and z GVc, let 

(33) Tt:Fi{c,z) —> Fic 


be the induced 2-functor on homotopy-fibre 2-categories making the diagram below commu¬ 
tative: 


FUc,z)^^J^F*V^^J^V 


Fic- 


A- 


C. 


Explicitly, this tt acts on objects ((a,x), (p,v)), where a is an object of A, x an object of 
Vpa, p : Fa —>■ c is a 1-cell in C and v : x ^ p*z is a 1-cell in Vpa, by 


Tr{{a,x), {p,v)) = {a,p). 


On 1-cells 


(34) ((/, u), {(f, l3)) : ((a, x), {p, v)) ((o', x'), {p , v')), 

where / : a —>• a' is a 1-cell oi A, u : x ^ {Ff)*x' of Vpa, (j) : p ^ p' o Ff a 2-cell of C, and 
P : (l)*z ov^ {F f)*v' ou a 2-cell of Vpa, 

= ifA) ■ {a,p) {a',p'), 
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and, on a 2-cell (a,'0) : ((/, w), P)) ^ where a :/=>/' is a 2-cell of A 

and i/j : {Fa)*x' o u ^ u' a 2-cell in Vpa, satisfying the corresponding conditions, 

7r(a,'0) = a :(/,(/)) ^ (/',</>')■ 

The 2-functor tt is actually a retraction, with a section given by the 2-functor 

iz : FIc -)• -F4,(c, z), 

which acts on objects by 

'iz{a,p) = {{a,p*z), {p, Ip*^)), 
on a 1-cell (/, (ji) : (a,p) (a',p') by 

</>) = ((/, (</>, l0 *z)) : iia,p*z), (p, Ip.^)) {{a',p'*z), {p', lp’*z)), 

and on a 2-cell a : (/, c^) (/', cj)') by 

iz{a) = {a, l^*z) ■■ ((/, 4>*z), {4>, ^ ((/', 4>'*z), ((/)', l<j>'-z))- 

It is clear that = 1. Furthermore, there is an oplax transformation 1 iz ff given, 
on any object ((a,x), {p,v)) of Fl{c,z), by the 1-cell 

((la.-y), (Ip, !«)) : iia,x),{p,v)) {{a,p^z),{p, lp*z)), 

and whose naturality component at any 1-cell as in pip is 


iia,x), (p,v)) 

((la,v),(lp.lv)) 

((a,p*z),(p, lp*z)) 


((/,«),(0,/3)) 


(l/,/3) 


((f,()>*z),(<f>,l^*^)) 


((a',x'),(p',v')) 

((ia'y).(v,v)) 

((a',p'*z),(p',lp^^z)). 


Hence, for the maps induced by tt and iz on classifying spaces, ||7r|| lizl = 1 and, by Fact 
mi 1 - 11*^11 II 7r||. Therefore, both 2-functors tt and iz are weak equivalences. 

Let us now observe that the square (15^ is the composite of the squares 


Fic - - - 


F|(c, z) —^ fc^l(c, z) 


TT 


(I) 


7T 




where both vertical 2-functors iz are weak equivalences. It follows that the square (I32p is a 
homotopy pullback if and only if the square (I) above is as well. As, by Theorem 16.51 the 
squares (!) are homotopy pullbacks, for all objects (c, z) of V, if and only if the 2-functor 
F : F*!) -A has the property B;, the equivalence (b) O (c) is proven. 

The equivalence (a) O (b) follows from the fact that, for any 1-cell (h, w) : (c, z) -A (c', z') 
in X>, the square of 2-functors 


- (h.w)^ - 


Fic 




TT 

Fid 
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commutes, where, recall, both vertical 2-functors tt are weak equivalences. So, the 2-functors 
(h, w)^ at the top are weak equivalences if and only if the 2-functors /i* at the bottom are 
as well. This directly means that (a) =► (b), and the converse follows from taking any V 
such that for all c € C. 

Next, we prove that (c) (d): For any object (c, z) of we have the squares 


F4.C—^ f^F*V—^A 

F F 1 


whose composite is the left square in (ITOl) . and where jzi^c) = (c,z). By hypothesis, the 
left square is a homotopy pullback. Furthermore, as F has the property B;, owing to the 
already proven implication (c) => (a). Theorem [6^ implies that the composite square is also 
a homotopy pullback. Therefore, by the homotopy fibre characterization, the right square 
above is a homotopy pullback as well. 

Finally, (d) => (a) is easy: For any object c G C take V = C(—, c) : C°p — Cat C 2Cat . 
Then, by hypothesis, the square 


f^F*C(-c) - Flc --Cic 

A - - - A - 

is a homotopy pullback, whence the result follows from Theorem l6.5l 


□ 


Likewise, if F : A —)■ C and V : C ^ 2Cat are 2-functors, for any objects c € C and 
z gVc, we have the 2-functor 

j, : ciF^J^F*V 

given by 

(«, 0 ) 

(a,p) tia (a',p') {a,P*z) {a',p'^,z) 

and the result below holds. 


Theorem 8.3. For a 2-functor F : A ^ C, the following statements are equivalent: 

(а) F : A ^ C has the property B^. 

(б) For any 2-functor V : C 2Cat . the 2-functor F : f^F*V —>■ /qF has the 
property B,.. 

(c) For any 2-functor T) : C ^ 2Cat , and any objects c G C and z G 'Dc, the commuta¬ 
tive square 

c]^F — ^ > c^C 
A A 


is a homotopy pullback. 
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(d) For any 2-functor V : C ^ 2Cat , the square ((^51) 




TT 


TT 


A - - — 


is a homotopy pullback. 

A main consequence is the corollary below. 

Corollary 8.4 (Homotopy Cofinality Theorem). Let F : A ^ C be a 2-functor between 
2-categories. The statements below are equivalent. 

(a) F : A ^ C is homotopy left (resp. right) cofinal. 

(b) For any 2-functor V : ^ 2Cat (resp. V : C ^ 2Cat ) the induced 2-functor 

F : J^F*T> is homotopy left (resp. right) cofinal. 

(c) For any 2-functor D : C°^ —>■ 2Cat (resp. : C —>■ 2Cat ) the induced 2-functor 

F : F*V is a weak equivalence. 

Proof. The equivalence (a) (6) follows from Theorems 18.21 and 18.31 The implication 

(6) => (c) follows from Corollary 16.41 To prove the remaining (c) (a), take, for any object 

c of C, the 2-functor V = C(—, c) : C°p —>■ Cat C 2Cat . Then, by hypothesis, the 2-functor 


f^F*C(-,c)^f^C(-,c) 


F 


Ffc 


Cic 


is a weak equivalence. Therefore, F fc is weakly contractible as Cfc is, by Lemma 16.31 □ 

Next, we show conditions on a 2-category C in order for the square (1251) to always be a 
homotopy pullback (cf. [141 Theorem 3.8]). 

Corollary 8.5. Let C be a 2-category. Then, the following properties are equivalent: 

(i) For any 1-cell h : c ^ c' and any object x of C, the functor h* : C{x,c) —>■ C(x,c') 
is a weak equivalence. 

(i') For any 1-cell h : c ^ c' and any object x of C, the functor h* : C{c',x) C(c,x) 
is a weak equivalence. 

(ii) For any two objects c, d G C, the canonical square 



TT 


pt 


C 


c 



®This implies that, for any object c E C, C(c, c) = Q{C, c); that is, the category C(c, c) is a loop object 
for the pointed 2-category {C,c). 
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{ii') For any two objects c, c' G C, the canonical square 

C{c,c')-^ciC 


pt ■ 


C 


is a homotopy pullback. 

(Hi) For any 2-functor : C —> 2Cat , the 2-functor h^. : 'Dc ^ 'Dc' induced for any 1-cell 
h : c ^ c' of C is a weak equivalence. 

{Hi') For any 2-functor V : C°'^ —>■ 2Cat . the 2-functor h* : X>c' induced for any 

1-cell h : c ^ c' of C is a weak equivalence. 

(iv) For any 2-functors F : A ^ C and : C —>■ 2Cat . the square 

JaF*V^JcV 


A- 


■C 


is a homotopy pullback. 

{iv') For any 2-functors F : A ^ C and V : C°p ^ 2Cat . the square 


JaF*V^J^V 

TT TT 

A - - — 

is a homotopy pullback. 

{v) Any 2-functor F : A ^ C has the property B^.. 

{v') Any 2-functor F : A ^ C has the property B;. 

Proof, {i) <=> {ii^ Let c : pt —> C be the 2-functor given for any object c € C. Then, for 
any object x G C, there is quite an obvious natural isomorphism 

cfx = fp^c*C{—,x)=C{c,x) 


between the homotopy-fibre 2-category (actually a category) of c : pt —>■ C over x and 
the hom-category C{c,x). Then, any 1-cell h : x ^ y in C induces a weak equivalence 
h^. : cfx cfy if and only if the induced /i* : C{c,x) C{c,y) is a weak equivalence. It 
follows that the 2-functor c : pt —> (7 has the property B; if and only if the hypothesis in {i) 
holds. On the other hand, by Theorem 16.51 the 2-functor c : pt —>■ C has the property B; if 
and only if, for any object c' G C, the square 


fc' - 

,c' C{c 

,c') - -C,. 

. c , 


, c ^ 


pt- C pt-^^ C 


is a homotopy pullback, that is, if and only if {ii) holds. 

{Hi) ^ (i): For any object x G C, the result follows by applying the hypothesis in {Hi) 
to the 2-functor T) = C{x,—) : C —>■ Cat . 


^The implication (i) => (ii) was proven by Del Hoyo in 1211 Theorem 8.5]. 
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(i) => (v): by Theorem 18.11 for any 2-functor F : A ^ C and any object c G C, the 
square 

f^F*C(c,-) - ^JcC{c,-) clF - -ciC 


A - - - A - 

is a homotopy pullback. Then, F has the property by Theorem 16.51 
(v) => (iv): This follows from Theorem 18.31 
(iv) ^ (Hi): This follows from Theorem 18.II 

Thus, we have (i) (ii) (in) (iv) (v) and, similarly, we also have the equiva¬ 
lences (i') <t=> (ii') (in') O (iv') (v'). 

Furthermore, for any given 2-functor F : A ^ C, the application of the hypothesis 
in (in) to the homotopy-fibre 2-functor F : C 2Cat just says that F has the 
property B;. Hence, (Hi) ^ (v'). Likewise, for any 2-functor F : A ^ C, the hypothesis on 
— IF : C°^ — 2Cat implies that F has the property B^, whence (in') (v), and the proof 

is complete. □ 

To finish, let us remark that the class of 2-categories satisfying the conditions in Corollary 
18.51 above includes those 2-categories C where, for each 1-cell f : c ^ c' , there exists a 1-cell 
f : c' ^ c such that [f o f] = [IJ S TroC(c, c) and [fof] = [Ic'] G ttoC(F, c'). In particular, 
the result applies to 2-groupoids, whose 1-cells are all invertible, which, recall, are equivalent 
to crossed modules over groupoids by Brown and Higgins’s [8]. 
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